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Introduction
ABC analysis is an inventory categorization technique, where inventory items are classified into groups of different importance based on the Pareto principle. It provides a mechanism for identifying different categories of inventory items that require different levels of management and control effort. When a typical single-criterion ABC analysis is carried out, inventory items are valued by their unit price multiplied by the annual demand. The results are ranked and then grouped typically into three categories, which are called ABC codes. More specifically, "class A" inventory will typically contain items that account for 80% of the total value but only make up 20% of the total items. "Class B" in-ventory will have approximately 15% of the total value and 30% of the total items, and "class C" inventory will account for the remaining 5% of the total value and 50% of the total items. The designation of these classes is arbitrary and the number of classes may be increased depending on the extent to which an organization wants to differentiate control efforts. Guvenir and Erel (1998) suggested that tightest management control and individual demand forecasts should be made for class A items, least control for class C items, and moderate control effort for class B items. Silver and Peterson (1985) suggested alternative inventory control policies for different inventory classes.
The traditional method of classifying inventory items using annual use value (annual demand multiplied by unit price) as the only criterion is based on the assumption that inventory items being classified are similar in nature and the major difference among them is in their annual use values (Ramanathan, 2006) . Organizations, however, usually have to manage numerous inventory items, which are not necessarily homogeneous. Thus, it has been recognized that the traditional ABC analysis may not be able to provide a good practical inventory classification scheme (Guvenir and Erel, 1998) . For a more practical ABC analysis, it is needed to consider various important criteria such as inventory cost, part criticality, lead time, substitutability, and number of requests in a year, rather than considering only annual use value. To address that requirement, multi-criteria ABC inventory classification problems have been studied in the literature. Multi-criteria ABC inventory classification, usually requiring complex computational tools, considers more than one criterion for categorizing inventory items into groups of different importance.
For the past 20 years, various methods for multi-criteria ABC inventory classification have been developed. A cross-tabulate matrix methodology was proposed by Whybark (1986, 1987) for bi-criteria inventory classification. Essentially their approach is to use the standard (single-criterion) ABC classification with each of two criteria, and then combine the two single-criterion groupings through the use of a joint-criteria matrix. Though this approach is a step forward in multi-criteria ABC classification, it has two limitations: it becomes too complicated when the number of criteria exceeds two, and it is applicable only when the weights on different criteria can be assumed to be equal. To overcome the drawbacks of the crosstabulate matrix methodology, a multivariate technique of cluster analysis, which is an approach of grouping items with similar nature together, was proposed. A solution procedure combining clustering analysis and operations constraints for inventory classification was proposed by Flores et al. (1992) . Guvenir and Erel (1998) and Partovi and Anandarajan (2002) suggested the use of meta-heuristics such as genetic algorithms and artificial neural networks for multi-criteria inventory classification. However, these meta-heuristics are complicated, requiring much computation time, and are difficult for inventory managers to understand. Partovi and Hopton (1994) and Gajpal et al. (1994) proposed multi-criteria decision-marking tools for multi-criteria ABC inventory analysis, one of which is the analytic hierarchy process (AHP). The advantage of the AHP approach is that it can deal with various relevant qualitative and quantitative criteria for classifying inventory items, and does not need massive accounting and measurement systems. However, it requires a subjective judgment when making pair-wise comparisons of criteria. To remedy these drawbacks of the existing methods, Ramanathan (2006) developed a data envelopment analysis (DEA)-like model, called the weighted linear optimization (WLO) model, which generates a set of criterion weights for each inventory item and gives a normalized score (called inventory score) to the item for a subsequent ABC analysis. This differs from other methods such as those based on the AHP in which weights are specified exogenously. In contrast, the WLO model determines the weights endogenously. The basic concept of the WLO model is similar to the concept of DEA (Charnes et al., 1978) . The weights in the WLO model are generated by a DEA-like linear optimization to avoid the subjectivity of the weight assignments. This model is simple, easy to understand, and very flexible since it can easily incorporate additional information from decision makers for inventory classification. See Ng (2007) .
Although the WLO model has many advantages, the following limitations prevent effective inventory classification :
1) The WLO model is based on DEA and many items can share the same optimal inventory score. Since ABC classification is carried out based on the optimal inventory scores of items, such ties among items can make it difficult to precisely classify items. 2) Second, the model allows too much flexibility in weighting multiple criteria; each item is allowed to choose its own weights so that it can maximize its score. As a result, if an item dominates the others in terms of a certain criterion, it may be classified into a higher class regardless of other criteria by assigning an overwhelming weight to the criterion. Thus, an item with a high value in an unimportant criterion may be inappropriately classified as class A.
To address these problems with the WLO model, we propose a DEA-based multi-criteria ABC inventory model which employs cross-efficiency evaluation in DEA. This model is an extension of the WLO model and incorporates cross-efficiency evaluations into the WLO model to provide a finer classification (or ranking) of inventory items. Since it was first proposed by Sexton et al. (1986) , the cross-efficiency evaluation has been considered as a powerful extension of DEA. Over the last few years, numerous subsequent developments have been made and its use has proliferated (Doyle and Green, 1994 ). The proposed model uses the pairwise efficiency game formulation of cross-efficiency evaluation, suggested by Talluri (2000) , where inventory items are pairwisely compared an inventory item under evaluation selects optimal weights that maximize its inventory score and at the same time minimize the inventory score of each competitor, in turn. Therefore, the optimal weights of an inventory item under evaluation may vary depending on the competing item being evaluated. In this way, an item under evaluation can involve multiple strategies (optimal weights), in which it emphasizes its strengths, as well as the weaknesses of a specific competing item. By changing the item under evaluation, the formulation is rerun n-1 times, which results in exactly n-1 inventory scores for each item in addition to the optimal score obtained from the WLO model, where n is the number of inventory items. The mean of these scores can be utilized as an index to rank inventory items and identify more important ones. This paper is organized as follows. Section 2 provides a brief overview of multi-criteria ABC inventory classification. Section 3 discusses our proposed method, followed by an empirical study in Section 4. Finally, Section 5 summarizes our work.
The Weighted Linear Optimization (WLO) Model for Multi-Criteria Inventory Classification
In this section, we describe the WLO method proposed by Ramanathan (2006) , which is a model for solving multi-criteria ABC inventory classification problems. Using the mechanism of DEA, the WLO model automatically generates a set of criterion weights for an item being evaluated and assigns a normalized score to the item for ABC analysis. DEA is a non-parametric linear programming based technique for measuring relative efficiencies of a homogeneous set of decision making units (DMUs) with multiple inputs and outputs. Model (1) below is the input-oriented CCR model in multiplier form Charnes et al. (1978) , a basic DEA model used to determine the efficiency score of DMU k:
where u r is the weight given to the r-th output of DMU k, v i is the weight given to the i-th input of DMU k, n is the number of DMUs, s is the number of outputs, m is the number of inputs, y rj is the amount of the r-th output produced by DMU j, and x ij is the amount of the i-th input used by DMU j.
Model (1) can be transformed into a linear model, as shown in Model (2). For more details on model development, refer to (Charnes et al., 1978) .
When inventory items are viewed as DMUs, a multicriteria inventory classification problem can be cast into a DEA problem. The performance of an item in terms of a criterion can be considered as one of its outputs, and the levels of inputs are set constant. Using the same symbols in Model (2), n inventory items have to be classified into A, B or C based on their performance in terms of s criteria. We denote the performance of the k-th item in terms of the r-th criterion by y rk and assume that all of the criteria are positively related to the overall importance level of the item. The WLO model aggregates the multiple performance levels of an item with respect to different criteria into a single score, gl k for the subsequent ABC inventory classification by using the following optimization model:
The weighted additive function, gl k aggregates the performance of an inventory item in terms of different criteria and its optimal value is used as the (inventory score of the k-th item. The function is maximized un-der the condition that the weighted sum of the performance levels for each item, computed using the same set of weights, should be less than or equal to 1. Due to the assumptions made above, the function is positively related to the overall importance level of the item. Hence, the larger the optimal inventory score of an item is, the greater the chance should be that the item is classified into class A. To obtain the optimal inventory scores for all inventory items, Model (3) has to be solved repeatedly by altering the item being evaluated.
The Proposed Model
In this section, we describe our proposed model, which can deal with the aforementioned limitations of the WLO model for multi-criteria ABC inventory classification problems. The proposed model incorporates cross-efficiency evaluations into the WLO model to provide a finer classification (or ranking) of inventory items. As a result, the proposed model performs in a peer-evaluation mode while the WLO model works in a self-evaluation mode. Specifically, the proposed model uses the pair-wise efficiency game formulation of cross-efficiency suggested by Talluri (2000) . In the model, a pair of inventory items is compared with each time. An inventory item under evaluation selects optimal weights that maximize its (inventory) efficiency score and at the same time minimize the inventory score of each competitor, in turn. Therefore, a single run of the model with an item under evaluation yields a set of multiple optimal scores; one is for the item itself, and the others are for the competing items. After a complete run of the model, each item will be given n optimal scores, where n is the number of inventory items; one is the efficiency score (in DEA sense) for the item itself, and the others are the item's cross-efficiency scores evaluated by the competing items.
<Figure 1> depicts the required steps of the proposed model. First, we calculate the optimal efficiency score of each inventory item by solving the WLO model with only the primary goal of maximizing its score. Second, the cross-efficiency scores of each item are calculated by incorporating the secondary goal. Third, for each item, the final score is computed, which is the average of its cross-efficiency scores. This final score of each item can be used as an approximate measure of its overall importance, where a higher score indicates higher importance. Finally, inventory items are categorized into classes A, B and C based on their importance indices. The dual problem to model (3) is shown as model (4) :
Model (4) seeks to find the optimal weights that minimize the sum of weights assigned to all the items under the conditions that the weighted sum of all the items is greater than or equal to item k. λ j is the dual variable which is assigned to the j-th item. The larger the sum of weights of an item is, the greater the chance should be that the item is classified into class A. Note that the dual problem is more computationally easier than the primal one, considering the fact that the number of inventory items (n) is typically much more than the number of criteria(s).
The optimal cross-efficiency score of item p evaluated by item k is determined by solving the following Model (5)
where gl k is the optimal efficiency score of item k determined by Model (4). Note that Model (5) seeks to find the optimal weights that maximize the score of item k as the primary goal and subsequently minimize the score of competing item p as a secondary goal. The first constraint is a blanket constraint that prevents the efficiency score of the target item from being either higher or lower than its optimal efficiency score. The second constraint is a normalization constraint that prevents the efficiency scores of all the items from exceeding a value of 1. For each item, this model is repeatedly solved by altering the competing item, resulting in n-1 optimal weights. Therefore, in the end, each item will have n-1 optimal cross-efficiency scores given by n-1 competing items along with its own optimal efficiency score. <Figure 2> depicts the process for calculating the optimal cross-efficiency scores and the importance index of each competing item.
The dual problem to Model (5) is shown as Model (6)
where θ p is the dual variable which is assigned to the p-th competing item and λ j is the dual variable which is assigned to the j-th item. All of the n scores that an item obtains are averaged to give the item's importance index. Specifically, I i is the importance index of item i and is computed by the following Equation (7).
Note that is the optimal cross-efficiency score of item i evaluated by item j.
We illustrate the proposed model with the example data given in <Table 1>. The data set consists of ten inventory items (from item 1 to item 10) that are evaluated in terms of four criteria : average unit cost, annual dollar usage, critical factor (1.00 for a very critical item, 0.01 for a non-critical item and 0.50 for a moderately critical item), and lead time. These criteria are referred from the experiment in the research of Ramanathan (2006) , but the each data are randomly assigned based on the data in corresponded experiment.
First, the optimal efficiency scores for the five items are computed using the WLO model, and the results are shown in <Table 2>. Items 1, 3, 5, and 6 all have an efficiency score of one and are deemed as being of greater importance, whereas items 2, 4, 7, 8, 9, and 10 are considered to be of relatively lower importance since they have smaller efficiency scores. If we follow the classification scheme of the traditional ABC analysis, only the two items with the greatest importance should be classified into class A, three items should be classified into class B, and the remaining four items should be classified into class C. The top four items (1, 3, 5 and 6), however, have the same efficiency scores, which obstructs the traditional ABC classification scheme. This shows the first limitation of the WLO model, as explained in Section 1. Comparing between items 2 and 7, the annual dollar usage and critical factor of item 2 are higher than those of item 7. However, the optimal efficiency score of item 7 is higher than that of item 2 and this shows the second limitation of WLO model.
On the other hand, if we apply the proposed model to the same data set, we obtain the cross-efficiency table as shown in <Table 3>. Each cell contains the crossefficiency score of the competing item in the corresponding column evaluated by the target item under evaluation in the corresponding row. For instance, the cross-efficiency score of competing item 2 evaluated by target item 1 is 0.57.
The average cross-efficiency scores are shown in the second row of <Table 4>, which will be used as a measure for each item's overall importance. The results in <Table 3> and <Table 4> reveal that the importance index of an item is lower than the item's optimal efficiency score. In other words, an item cannot have a cross efficiency score higher than its optimal efficiency score. R a n k i n g 3 5 9 1 0 1 2 7 6 8 4 C l a s s i f i e d i n t o C l a s s
Using the results obtained from the proposed model, ten inventory items can be ranked in terms of their overall importance. Item 5 ranks first because it has the greatest importance index value of 1.00, followed in order by items 6, 1, 10, 2, 8, 7, 9, 3, and 4, as shown in <Table 4>. Based on this finer ranking, items 5 and 6 are classified into class A, 1, 10 and 2 into class B, and 8, 7, 9, 3 and 4 into class C.
As observed in this example, the proposed model provides a more reasonable and accurate scheme for classifying inventory items since it eliminates the possibility of items choosing unrealistic factor weights and thus yields a unique ordering of items for effective inventory classification.
An Illustrative Example
To further demonstrate the usefulness of the proposed model, we apply the proposed model to a larger-scale example. The problem instance we use here was originally introduced by Flores et al. (1992) , where the overall importance level of inventory items are evaluated in terms of four criteria: average unit cost ($), annual dollar usage ($), critical factor (1, 0.5 and 0.01 for very-critical, moderately critical and non-critical item), and lead time (min) (ranging from 1 to 7 weeks). For the purpose of a comparative study, we maintain the same distribution of class A, B and C items with that given by Ramanathan (2006) , i.e., 10, 14 and 23 items in classes A, B and C, respectively. We assume all four criteria to be positively related to the overall importance of items. The importance index scores of all 47 inventory items are computed using both the WLO model and the proposed model. <Table 5> presents the data and the related results. With the WLO model, 15 items (13, 2, 9, 3, 29, 23, 21, 45, 34, 15, 1, 36, 24, 32 and 11) have the same efficiency score of one and are deemed as being of greater importance and can be classified into class A. However, the same efficiency score among many items possibly create the problem of insufficient differentiation among items and inaccurate ordering in classifying the items, which prevents an effective ABC classification. Note that more items will share the same efficiency score as the number of criteria increases, which is a typical property of the traditional DEA. In the result, the WLO model has critical problem for classifying items into class A. For example, if we classify the items for class A, it is difficult to precisely classify these 15 items into class A since only 10 out of these 15 items can be classified into class A. On the other hand, the proposed model can solve this problem by yielding a unique categorization of items.
Comparing the classification results between the WLO model and the proposed model, inventory item 1 is ranked as 1 by the WLO model with the highest annual dollar usage and a relatively low average unit cost and lead time. However, it is ranked as 17 in the proposed model since the proposed model takes into consideration not only the highest annual dollar usage but also its lower average unit cost and lead time when determining the item's importance level. Another example is provided by items 14 and 45. The average unit cost, annual dollar usage and critical factor of item 14 are higher than those of item 45. However, items 14 and 45 are ranked as 20 and 1, respectively, by the WLO model, for the same reason as in the case of item 1. On the contrary, the proposed model classified items 14 and 45 are ranked as 9 and 10, respectively. In this result, we emphasize that the proposed model help to increase the accuracy of item classification in the inventory management aspects.
When we compare the uniqueness, many items can share the same inventory score of 1 in the WLO model. For instance, inventory items 13, 2, 9, 3, 29, 23, 21, 45, 34, 15, 1, 36, 24, 32 and 11 have the same optimal inventory score of 1, and items 18, 28 and 40, and items 31, 19, 39. 33, 37, 43 and 47, and items 38 and 16, and items 44, 26 and 46, and items 42 and 41 have the same scores of 0.857, 0.714, 0.500, 0.429 and 0.286, respectively. On the contrary, the proposed model yields a unique ordering of items. Therefore, we claim that the proposed model provides a more reasonable and appropriate index for multi-criteria ABC inventory classification as compared to the WLO model in classifying the items aspects.
Conclusion
In this paper, we have proposed a DEA-based model for multi-criteria ABC inventory classification problems which incorporates cross-evaluations into the WLO model developed by Ramanathan (2006) . The proposed model enables a finer classification of inventory items and resolves the deficiencies of the WLO model.
Although ABC inventory classification has been widely used primarily due to its simplicity and effectiveness, these advantages are difficult to maintain when multiple criteria are involved due to practical considerations. The several methodologies that have been proposed in the literature to deal with multiple criteria in inventory classification are too complex to be used in practice. Although the WLO model is relatively simple and easy to manage, its effectiveness is rather flawed. In particular, its inability to provide a finer classification of items of higher importance becomes a significant problem considering the fact that the identification of class A items is critical to the success of ABC analysis. In this regard, the proposed model improves upon the WLO model and can be used as a simple and an effective scheme for inventory classification.
The proposed model provides a more reasonable and accurate ordering scheme in classifying the inventory items than the WLO model does since it yields a unique ordering of the inventory items and eliminates unrealistic factor weights. However, despite its several advantages, the proposed model also has the limitation of a long computational time, especially in the case of 25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47   34  1  31  23  23  23  23  35  36  23  37  30  37  39  40  40  40  19  44  44  43  46 47
numerous inventory items since each inventory item has to be compared to all the remaining items. Further research will be needed to develop a new model to reduce the computational time in cross-evaluations.
